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Abstract 

In this paper we are interested in some properties related to the solutions of non-local diffusion equations with divergence 
free drift. Existence, maximum principle and a positivity principle are proved. In order to study Holder regularity, we apply 
I i a method that relies in the Holder-Hardy spaces duality and in the molecular characterisation of local Hardy spaces. In these 
(— *) ■ equations, the diffusion is given by Levy-type operators with an associated Levy measure satisfying some upper and lower 
£N) | bounds. 
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rn 1 Introduction 

We study in this article a class of non-local diffusion equations with divergence free drift of the following form: 

' d t 9(x, t) - V • {v 9) {x,t) + C9(x, t) = 0, 
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{9(x,Q) = 9 (x), (1) 

with div(v) = and t G [0,T]. 

This type of transport-diffusion equations is a generalization of a well-known equation from fluid dynamics. Indeed, 
in space dimension n = 2 if C = (— A) Q is the fractional Laplacian, with < a < 1/2, and if v = (— R2O, R\9) 
where R\^ are the Riesz Transforms defined in the Fourier level by Rj9(£,) = — for j = 1,2, we obtain the 

quasi-geostrophic equation (QG) a which has been recently studied by many authors with different approaches and 
with a variety of results, see [I], [5], [12], [I], [5], [Tl] and the references there in for more details. 

Inspired by the work of Kiselev and Nazarov [T2] , it is possible to study the Holder regularity of the solutions of the 
{QG)i/2 equation by a duality-based method. The aim of this article is to generalize this method to a wider family of 
operators and we will consider here Levy-type operators under some hypothesis that will be stated in the lines below. 
This class of operators corresponds to a natural generalization of recent works where some results are obtained for 
different operators using quite specific techniques: for example see the article [13] where the operator's kernel satisfies 
some similar bounds to those imposed in our hypothesis. 

In this paper we will mainly consider problems of existence of the solutions, a maximum principle, a positivity 
principle and of course we will study Holder regularity of the solutions of equation ([1]) . 

Let us start by describing our setting in a general way. This framework will be made precise later on. 

• In the formula ([I} we noted 9 : W 1 x [0, T] — > ]R a real- valued function, where n > 2 is the euclidean dimension. 

• The drift (or velocity) term v is such that v : R™ x [0, T] — > 1" and we will always assume that div(v) = and 
that v belongs to L°°([0,T]; bmo(W 1 )). Recall that local bmo(M. n ) space is defined as locally integrable functions 
/ such that 

sup / \f{x) — Jb\<Ix < M and sup / \f(x)\dx < M for a constant M; 

\B\<1 \B\ Jb \B\>1 W\ Jb 
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we noted B(R) a ball of radius R > and fs — rgr / f(x)dx. The norm || • \\b mo is then fixed as the smallest 

Jb(r) 

constant M satisfying these two conditions. 

The operator C is a Levy operator which has the following general form called the Levy-Khinchin representation 
formula: 

£(/)(*) = b ■ Vf(x) + V a j;k p^- + f [/(*) - /(* - y) + y • V/(a;)l { |,|< 1} ( 2 /)]n(^), 



where 6 £ M™ is a vector, a^fc are constants (note that the matrix (a,j t k)i<j,k<n should be positive semi-definite) 
and IT is a nonnegative Borel measure on R™ satisfying IT({0}) = and 

J min(l, \y\ 2 )U(dy) < +oo. (2) 
In the Fourier level we have Cf (£) = (£) where the symbol a(-) is given by the Levy-Khinchin formula 

a(0 = ib ■ £ + q(0 + f (l- e-*»-« - • £l { |„|< 1} (y) )n(dy), where g(f) = V a^ k . (3) 
^R"\{0} V J J k=1 

Our main references concerning Levy operators and the Levy-Khinchin representation formula are the books [5] , [10] 
and [TB]. See also the lecture notes [IT] for interesting applications to the PDEs. 

We need to make some assumptions over the Levy operator considered before. First we will set 6 = and a,j k — 0. 
We assume then that the measure II is absolutely continuous with respect to the Lebesgue measure, so this measure 
can be written as H(dy) — ■n{y)dy 1 this hypothesis is important as it simplifies considerably the computations. We will 
also require some symmetry in the following sense: 7r(y) = 7r(— y). Finally, the most crucial issue concerns estimates 
over the function it and we will assume the inequalities: 

ci\y\- n - 2a < n(y) <c 2 \y\- n -^ over \y\ < 1, (4) 

0< 7r(y) <c 3 \ y r n ' 2S over|y|>l, (5) 

where Ci, 02,03 > are positive constants. We need to define the values of the parameters a,fi,5 and we will study 
the following cases: 

(a) < a < (3 < 1/2 and < 5 < 1/2, 

(b) 0<a = (3 = 5< 1/2, 

(c) a = /3 = 1/2 and < 6 < 1/2, 

(d) a = P = 5 = 1/2. 

The choice of these bounds is mainly technical and it will be explained in Remark 11.11 below. 

Note that these two conditions Q and ([S]) imply the next pointwise property which will be useful in the sequel 

< Tt(y) < c A {\y\~ n ~ 2fi + \y\- n - 25 ) for all y £ R n and c 4 > 0. (6) 

We observe now that these assumptions for the function 7r imply that the operator C and its symbol a(-) can be 
rewritten in the following way: 

£(/)(*) =v.p. / [f(x)-f(x-y)]7r(y)dy (7) 

and 



o(0 = / (1 - cos(£ • y))ir{y)dy. (8) 

JR"\{0} 

As we can see, the properties of the operator C can be easily read, in the real variable or in the Fourier level, by the 
properties of the function tt. 

In order to have a better understanding of these properties it is helpful to consider an important example which is 
given by the fractional Laplacian (— A) Q defined by the expression 

(-A)«/(*) = v.p. f f{X \~ f }*~ y) dy, with0<o<l/2. 

jr" \y\ 
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Note that we have here n(y) = \y\ 71 2a and ir satisfies (Q| and (O with a = (3 = 8, so this example corresponds to the 

cases (b) and (d) stated above. Equivalently, we have a Fourier characterisation by the formula (— A) a /(£) = |£| 2a /(£) 
so the function a(£) is equal to |£| 2a . 

With this example we observe that the lower bound in guarantees a diffusion or regularization effect like 
(— A) Q and this is an important assumption for the function n. Indeed, in some general sense, only the part of the 
integral J7|) near the origin is critical as ir satisfies ([5]). We note also that the upper bounds given in ((4]) and ([5]) imply 
the property © since in any case we have /3, 8 < 1/2. 

Remark 1.1 As the previous example shows, when a — (3 = 8 we obtain the fractional Laplacian (— A) Q and thus 
the equation ^ studied here can be considered as a linearization of the quasi- geostrophic equation where we have an 
interesting competition between this operator and the drift term. In the framework of this equation it is classical to 
distinguish three regimes: super-critical if < a < 1/2, critical if a = 1/2 and sub-critical if 1/2 < a < 1, from which 
only the two first are of interest since in the sub-critical case the regularization effect is in some sense "stronger" than 
the drift, see J2J/ for more details. 

This explains the upper bound given for the parameters a, (3,5. The main reason to divide our study following the 
cases (a)-(d) is technical as some of the results stated below are valid in some special cases. 

Let us consider more examples: it is shown in Theorem 3.7.7 of [S], that each continuous negative definite function 
a(-) can be writen in the form ([3]), so under hypothesis (01 and ([5]) we can obtain a large class of operators that are 
in the scope of this work. In the paper |13j another approach is given: the assumptions for the function 7r are quite 
similar but they are stated in a different way, furthermore the authors of this article only consider the case a = (3 = S 
in their hypothesis, so our framework is slightly more general. However they allow dependence of the function n in 
the x variable and in the time variable t. A further work could follow this path, assuming for example in formula ([7]) 
that 7r = ir(x,y,t) instead of ir = Tr(y). Note that some amount of work is already done in this direction, see chapter 
4 and Definition 4.5.10 of [H] for more information. 

Presentation of the results 

We assume from now on that the operator C is of the form (JT]). We will work with a function 7r satisfying the hypothesis 
dU) and §5$ with the parameters a, (3,8 satisfying (a)-(d) unless otherwise specified. 

In this article we present some results concerning non-local diffusion equation ([TJ. Maybe the three first of them 
are well known for different mathematical communities, so perhaps the only novelty here is the use of the bmo space. 
Nevertheless we will give the proofs for the sake of completness. 

Theorem 1 (Existence and uniqueness for LP initial data) If 6$ G L p (M. n ) with 1 < p < +oo is an initial data, 
then equation {IP has a unique weak solution 9 G L°°({Q,T];L P (W 1 )). 

Theorem 2 (Maximum Principle) Let 8q G L p (M. n ) with 1 < p < +oo be an initial data, then the weak solution 
of equation (Qp satisfies the following maximum principle for all t G [0,T]; ||#(-,i)lli p = I!$o||lp- 

Theorem 3 (Positivity Principle) Let (3 and 8 be the parameters given in cases (a)-(d). Let 9 mil "^ ^ < p < +oo 
and M > a constant, if the initial data 9q G L p (JSP) is such that < $o < M then the weak solution of equation (J^l 
satisfies < 9{x,t) < M for all t G [0,T]. 

Our main theorem is the following one which is a generalization of a duality method used in the framework of the 
quasi-geostrophic equation. With this method we obtain a small regularity gain, but for technical reasons we need to 
consider here the cases (c) and (d). 

Theorem 4 (Holder regularity) Let C be a Levy operator of the form ^ with a Levy measure ir satisfying hypoth- 
esis and |5|j with a — (3 — 1/2 and 8 < 1/2 or a = f3 = 5 = 1/2. Fix a small time Tq > 0. Let 9o be a function 
such that 9q G L°°(R"). If 9{x,t) is a solution for the equation (QP, then for all time Tq < t < T , we have that 9{-,t) 
belongs to the Holder space C 7 (M") with < 7 < 28 < 1 in the case (c) or < 7 < 1 in the case (d). 

The plan of the article is the following: in the section [5] we study existence and uniqueness of solutions with initial 
data in L p with 1 < p < +00. Section[3]is devoted to a positivity principle that will be useful in our proofs and section 
S] studies existence of solution with 9o G L°° . In section [5] we study the Holder regularity of the solutions of equation 
(P) by a duality method. 

1 the term "diffusion" must be taken in the sense of the PDEs considered by analysts. 
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2 Existence and uniqueness with L p initial data. 



In this section we will study existence and uniqueness for weak solution of equation ([!) with initial data 9q G L p (W l ) 
where p > 1. We will start by considering viscosity solutions with an approximation of the velocity field v, and we will 
prove existence and uniqueness for this system. To pass to the limit we will need a further step that is a consequence 
of the maximum principle. 

Remark 2.1 Since the velocity v is a data of the problem, it is equivalent to consider —v instead of v, thus for 
simplicity we fix velocity's sign as in equation UP]) below. The same proofs are valid for equation fip. 

2.1 Viscosity solutions 

Before passing to further computations, we give an approximation for functions that belong to the bmo space that will 
be very useful in the sequel. 

Lemma 2.1 Let f be a function in bmo(M. n ). For k G N, define fk by 

-k if f(x)<-k 
// (-) : { fix) if -k<f(x)<k (9) 
k if k<f(x). 

Then (fk)keN converges weakly to f in bmo(W l ). 

A proof of this lemma can be found in [18] . Having this result in mind, we can begin our study of Theorem [T] For 
this, we will work with the following approximation of the equation (TT]): 

( d t 9(x, t) + V ■ Oe 9)(x, t) + C6(x, t) = eA6(x, t) 

9(x,0) = 9 (x) (10) 
L div(v)=Q and v G L°°([0,T}; L°°(W 1 )). 

where v e is defined by v e — v * uj e with uj e (x) = e~ n uj(x/e) and uj G C^°(R") is a function such that / to[x)dx = 1. 

Here £ is a Levy operator of the form (0 with hypothesis (j?]) and ([5]) with a, /3, 5 satisfying the bounds given in the 
cases (a)- (d) . Following [6] , the solutions of this problem are called viscosity solutions. 

Note that the problem (fTT)|) admits the following equivalent integral representation: 

0(x,t) = e etA 9 (x) - f e E ^- s)A V ■ (v £ 9)(x lS )ds ~ f e £(t ~ s)A C0{x, s)ds, (11) 



JO Jo 

In order to prove Theorem [U we will first investigate a local result with the following theorem where we will apply 

the Banach contraction scheme in the space L°°([0, T]; L p (M. n )) with the norm ||/||l°°(lp) = sup ||/(-,i)||j,j>. 

te[o,T] 

Theorem 5 (Local existence) Let 1 < p < +oo and let 9q andv be two functions such that 9q G L p (M"), div(v) = 
and v G L°°([0,T']; L°°(R™)). If the initial data satisfies ||#o||i> ^ K an d if T' is a time small enough, then Ml}) has 
a unique solution 9 G L°°([0,T']; L p (R n ) ) on the closed ballB{0,2K) C L°°([0, T']; L p (R n )). 

Remark 2.2 Observe that we fixed here the velocity v such that v G L°°([0, T']; L°°(R n )). This is not very restrictive 
since by Lemma \2.1\ we can construct a sequence G L°°(R n ) that converge weakly to v in bmo(W l ). 

Proof of Theorem [5|. We note L e (9) and N£ (9) the quantities 

L s (9)(x i t)= [ e £ ^^ A C9{x,s)ds and N v e {9)(x,t) = ( e £( *" s)A V • (v £ 9)(x, s)ds. 



We begin with general remarks concerning these two formulas. For the first expression we have: 
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Proposition 2.1 If f e L°°([0, T'}; L P (R™)), then 

\\L e (f)\\ L ~ {LP) < C$(r,e) \\f\\ L °°(L*) (12) 

an d / or ^ e cases (a)-(d) respectively. 



Proof. We write 



IIM/)IU~(L*>) = sup 

0<t<T' 



= sup 

LP 0<t<T' 



/ £f *h e ( t - s )(-,s)ds 
Jo 



LP 



where ht is the heat kernel on R™. By the properties of the Levy operator £ we can write £f * h e r t _ s \ — f * Ch e u_ s -\ 
and then we obtain the estimate 

\\L E (f)\\ L <*>(LP) < sup / \\f(-,s)\\ L p\\£h e{t _ s) \\ L ids < ||/|U~( iP ) sup / \\£h e{t „ s) \\ L ids. (13) 

0<t<T'Jo 0<t<T'Jo 

We need now to study the quantity \\£h E ( t _ s ^\\ L i, for this we will use Besov spaces and a short lemma. We recall that 
for < s < 1 and 1 < p < +oo, homogeneous Besov spaces Bp P (W l ) may be defined as 

\m-f(*-y)\ p _ dydx V /P 



|n+ps 



Now, here is the lemma: 



Lemma 2.2 Let £ be a Levy operator satisfying the hypothesis stated above. 



(a) If0<a</3 < 1/2 andO <5<l/2 then, for all f e B( p ' l (R n )nB™ ' X (R n ) we have \\Cf\\ L i < \\f\\ B ^,i + \\f\\ B ^. 
In particular we have for the heat kernel \\Ch e u_ s -\ < C{[e(t — s)]~@ + [e(t — s)] - " 5 ). 

(b) Ifa = P = 5< 1/2, we have £ = ( — A) Q and thus \\Ch e{t - s ) \\ L x < C[e(t - s)]- a . 

(c) lfa = = 1/2 and < 6 < 1/2 we have \\Cf\\ L i < C(|| {-Af/ 2 f\\ L i + ||/|| L i + \\f\\ B 2 S ,i) where the quantities 
above are assumed to be bounded. In particular we have \\£h £ u_ 8 \ < C([e(t — s)] -1 / 2 + 1 + [e(t — s)]~ s ). 

(d) If a = /3 = 6= 1/2, we have £ = (-A) 1 / 2 and thus ||£/i e(f _ s )||£i < C[e{t ~ s)]' 1 / 2 . 

Proof of the lemma. By homogeneity the cases (b) and (d) are straightforward. IfO<a</3<l/2 and 
< 5 < 1/2, using (g]) and © we obtain 



L 1 



< 



\f(x)-f(x-y)\ 



\y 



n+2/3 



dydx 



\f(x)-f(x-y)\ 



\y 



n+2S 



dydx 



b^' 1 + ll/lls? 5 ' 1 - 



If a = f3 = 1/2 and S < 1/2, we simply write 



IIAfll 



L 1 



< 



< 



v.p. 



v.p. 



{|y|<i} 



[f(x) ~ f( x ~ v)]^(v) d V 



dx 



{M>i} 



[f(x) - f(x - y)]ir{y)dy 



dx 



f(x) - f(x - y) 



\n+l 



Now, since (-A) x / 2 /(x) = v.p. 



{\y\<l} W 

f(x) - f(x - y) 



dy 



dx 



\y 



n+l 



dy it is easy to obtain that 



/ -7 

Jmp J{\y\<i} 



f(x) - f(x - y) 



V 



n+l 



dy 



Finally, by homogeneity and since the heat kernel ht is a smooth function, we obtain the wished estimates for this 
function. ■ 

With these estimates at our disposal for the quantity \\£h e / t _ s -\ l^i, we obtain for (1131) -after an integration in 
time and following the different cases- the inequality ||£ e (/)||z,°°(LP) < C$(T', e) ||/||l°°(lp) and the Proposition ^. H is 
proven. ■ 



For the term we have: 
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Proposition 2.2 If f E L°°([0, T']; L P (R")) and if v £ L°°([0,T']; L°°(R n )), then 



\\N^f)\\ L oo (LP) <cJ- IMU-^oojII/ll^,) 



(14) 



Proof. We write: 

ll^(/)[U-(£P) 



sup 

0<t<T' 



e =(*-')A v . (t , e/ )(. >a)d8 



sup 

L p 0<t<T' 



V • (v e /) * h e ( t - s )(-,s)ds 



■t ft 

||« e /(.,*)|| w ||V^ ( t-.)|| £l ds< SUp / \\v e {- 1 8)\\ LBO \\f(;S)\\ Lf C(e(t-8))-V i d8 
i 0<t<T'Jo 



< sup 

0<t<T< Jo 

< IMU~(£~) ||/|| £oo(£p) sup / C{e{t-8))- 1 '*d8<cJ'? r 

0<t<T> Jo * E 



To finish the preliminary remarks we note, that since e £tA is a contraction operator, the estimate ||e e * A /||Lp < 
is valid for all function / £ L p (M. n ) with 1 < p < +oo, for alH > and all e > 0. Thus, we have 

||e etA /|| W) < \\f\\ L *. (15) 

Now we can use the Banach contraction scheme: we construct a sequence of functions in the following way 

9 n+1 (x,t) = e 6tA e (x) - L £ (9 n )(x,t)- N v e {9 n ){x, t) 

and we take the L°°L p -norm of this expression to obtain 

||0n+i||i-(£p) < \\e EtA 6 \\L^(L P ) + \\L £ (6 n )\\ L oo {LP) + \\N^{0 n )\\ L « (LP) 

Using estimates (|T2|) . (fT4)l and fj 15[) we have 

/ T n/2 \ 

Pn + lh°°iLP) < \\eo\\L?+cU(T',e) + —\\v\\ L ~ {Lao) \ ||0„||l-(£*) 

Thus, if \\9 \\lp < K and if we define the time T to be such that C ($(T',e) + p^rHlzoo^oo)) < 1/2, we have by 
iteration that ||0n+i|U° o (.w) < 27AT: the sequence (# n )neN constructed from initial data 9q belongs to the closed ball 
73(0, 2K). In order to finish this proof, let us show that n — > 9 in L°°([0, T']; L p (W n )). For this we write 

\\9 n +l - ^n||i°°(LP) < \\L £ (0 n — 0„_i)|| £ oo( £p ) + \\N^(6 n - 9 n -l)\\ L <x>( L p) 

and using the previous results we have 

/ T /l/2 \ 

- 9 n \\ L oo {LP) < C U(T',e) + -—Hullioo^oo)! \\9 n - ^-ilUoo^p) 

so, by iteration we obtain 



\\9 n +l - 9 n \\L°°(LP) < 



rpll/2 

C7f $(T / J e) + - i7r |H| £ c (£ » ) 



|#1 - #o|U=°(Lp) 



hence, with the definition of T' it comes ||# n +i — ^n||L=°(Lp) < (5) \\9i — ^o||l°°(lp)- Finally, if n — > +00, the 
sequence (# n )neN convergences towards in L°°([0, T']; L P (R™)). Since it is a Banach space we deduce uniqueness for 
the solution 9 of problem pip . The proof of Theorem [5] is finished. ■ 



Corollary 2.1 The solution constructed above depends continuously on the initial value 9q. 

Proof. Let (fo,0o £ L p (M. n ) be two initial values and let ip and 9 be the associated solutions. We write 

9(x, t) - <p(x, t) = e 6tA (9 (x) - <p (x)) ~ L e {9 - <p)(x, t) - N v e {9 - <p){x, t) 
Taking L°°L p -norm in formula above and applying the same previous calculations one obtains 

\\9 - fh^(Lp) < \\9o - <Po\\lp + C \\9 - y|| L oo (iP) 
This shows continuous dependence of the solution since Co = C f$(T",e) + T el / 2 |M|l°°(l°°)) — V^- 



G 



Remark 2.3 (Prom Local to Global) Once we obtain a local result, global existence easily follows by a simple 
iteration since problems studied here (equations £?]) or MO}) ) are linear as the velocity v does not depend on 8. 

We study now the regularity of the solutions constructed by this method. 
Theorem 6 Solutions of the approximated problem HO]) are smooth. 

Proof. By iteration we will prove that 6 e P| £°°([0,t]; PH' P (R™)) for all k > where we define the 

0<T <Ti<t<T 2 <T* 

Sobolev space W s ' p (R n ) for s £ R and 1< p < +oo by ||/||^ S , P = ||(-A) s / 2 /IUp- Note that this is true for k = 0. So 
let us assume that it is also true for k > and we will show that it is still true for k + 1. 

Set t such that < T < T\ < t < T 2 < T* and let us consider the next problem 

6(x, t) = e £(t - To)A 0(x, T ) - f e e(t -^ A V ■ (v £ 6)(x, s)ds - [ e e( *- s)A C9(x, s)ds 

Jt Jt 

We have then the following estimate 

He'll • s±i < ||e £( *- To)A 6»(-,To)|| . s±j 



e e(t-«)A V . e)(;3)d3 + 



. fc+1 



e(t-s)A 



£.e{-,s)ds 



. fc+1 



Now, we will treat separately each of the previous terms, 
(i) For the first one we have 

l|e £(t - To)A ^T )||^ p = ||0(.,T o )*(-A)^ £(i _ To) || iP < \\e{-,T )\\ L 4(-A)^h s{t - To) \W 



where ht is the heat kernel, so we can write 

|| E (t-T O )A0/ t n,| < 



C\\6(-,T )\\ LP sup {[e(t - To)]-^ ; l} 



(ii) For the second term, one has 



e e(t- s )A v .^ 6){; S )di 



. fe+i 

W 2 * 



< 



< 



|V • [v e 9) * h £it _ s) \\ w k+i p ds 



[ ||(-A)^[v-(« e e)*h E(t _ s) ]\\ LP ds 

J T 



< CI \\v £ 6(;s)\\ whp [e(t-s)r*ds. 



Note now that we have here the estimations below for N > k/2 



IMMII^, < ||^(., S )|| C H^(-, S )II^, P <C £ -|| V (., S )|| L »||0(-, S )||^, P 



hence, we can write 



< CllvllioofiooJIell 

— ii Mi )\\ n L oo( W y,P) 



I e~ N sup Ue(t- s)}~* ;l\ds 

J To 



(iii) Finally, for the last term we have 



e(t-«)A 



C6(-,s)ds 



< 



(-A)*0(., s )*£(-A)^ e(t _ s) 



ds 



LP 



I \\9(-,s)\\^ p \\jLZ(-A)*h e{t _ s) \\ L rds 

'T 



now, applying Lemma 12.21 to the function (— A) i h e ^ t _ s ^ we obtain by homogeneity that 

||£(-A)U £(t _ s) || L i < 4>(e{t-s)) 



where <f>(e(t-s)) = (^(i-s)]" 1 ^ + [ e (t_ s )]-^) ; ([ e (t- s )]-^) ; ([ ff (*- s )]-} + [ £ (i_ s )]-i + [ £ (t- s )]-^) 
and (Je(t — a)]""*) for the cases (a)-(d) respectively. So we obtain: 

f e e(t-')^£0^ 8 )ds < C\\0\\ .K I SU P {0( £ (t- S ));l}d S . 

Now, with formulas (i)-(iii) at our disposal, we have that the norm \\9\\ L ^ *+i p is controlled for all e > 0: we have 
proven spatial regularity. 

Time regularity follows since we have 

w 6 ^ t)+v - iw {Vs e) ) {x > t)+c (w 9 ) {x > t] = eA (w 9 ) (x ' ty 



Remark 2.4 The solutions 9(-, ■) constructed above depend on e. 
2.2 Maximum principle and Besov regularity 

The maximum principle we are studying here will be a consequence of few inequalities, some of them are well known. 
We will start with the solutions 8(-, •) obtained in the previous section: 

Proposition 2.3 (Viscosity version of Theorem [2]) Let 9q G L p (M. n ) with 1 < p < +oo be an initial data, then 
the associated solution of the viscosity problem M0\) satisfies the following maximum principle for all t £ [0, T]: 
\\0(;t)\\LP < \\BoWl*. 



Proof. We write for 1 < p < +oo: 
d 



\9(-,t)\\ p LP = p[ \6\ p - 2 0[eA9-V ■(v £ 9)-£0)dx=pe [ \9\ p - 2 9A9dx - p [ \9\ p ^ sgn(9)C9dx 



\\9(-,t)\\ p LP -pe I \9\ p ~ 2 9A9dx+p j \9\ p - 1 sgn(8)C8dx = 0, 



where we used the fact that div(v) = 0. Thus, we have 

d_ 

and integrating in time we obtain 

\\9{-,t)\\ p LP -pe J \9\ p - 2 9A9dxds+p J J \9\ p - 1 sgn(9)C9dxds = \\9 a \\ p LP . (16) 
To finish, we have the following lemma 



positive. 



Lemma 2.3 The quantities -pe / \8\ p ~ 2 8A8dx and p / / \9\ p sgn(9)C9dxds are both 

Proof. For the first expression, since e esA is a contraction semi-group we have ||e esA /||Lp < for all s > and 

all / £ L P (R"). Thus F(s) — ||e esA /||iP is decreasing in s; taking the derivative in s and evaluating in s — we obtain 
the desired result. The positivity of the second expression follows immediately from the Strook- Varopoulos estimate 
for general Levy- type operators given by the following formula (see remark 1.23 of |11) for a proof, more details can 
be found in [H] and [2DJ): 

C(C\0\ p/2 ,\0\ p ' 2 ) < (C9,\9\ p - 1 sgn(9)) (17) 
To conclude it is enough to note that {£\9\ p / 2 , \9\ p / 2 } = \\C% \9\ p / 2 \\ L2 > 0, where the operator is defined by the 
formula = o*(0/(0- ■ 

Getting back to (fTP|) . we have that all these quantities are bounded and positive and we write for all 1 < p < +oo: 

\\0{;t)U* < 

Since \\9(-,t)\\ lp — > \\Q(-, t) , the maximum principle is proven for viscosity solutions. ■ 

p— >+oo 

In order to deal with Theorem [2] we will need some aditional results. Indeed, a more detailed study of expression 
([TP]) above will lead us to a result concerning weak solution's regularity. 
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Lemma 2.4 If the function tt satisfies the conditions and 0), then we have for the cases (a)-(d) the following 
pointwise estimates on the symbol a(-) for all £ £ K n : 

i) a(o< ler + iei 25 

|£| 2a <a(0 + C 

Proof. We use the Levy-Khinchin formula to obtain |£| 2q = / (l — cos(y • £)) yp™ _2Q <iy. It is enough to apply 

jR n \{0} 

the hypothesis d3|, ([3]) and to use the inequality ^ to conclude. ■ 

Theorem 7 (Besov Regularity) Let C be a Levy-type operator of the form ^ with hypothesis and {5[) for the 

measure tt with a, [3,5 satisfying the bounds given in the cases (a)-(d). Let 2 < p < +oo and let f : R" — > M be a 
function such that f G L p (W l ) and 



\f(x)\ p - 2 f(x)£f(x)dx < +oo, then f e B 2 p a / p ' p {W l ). 
Proof. Wc will prove the following estimates valid for a positive function /: 

ll/IPL*/^ < C||/ P/2 ||| Q , 2 < \\P /2 \\l> + / |/(x)r 2 /(x)£/(x)cb (18) 



The first inequality can be found in [2], so we only need to focus on the right-hand side of the previous estimate. For 
this, we will start assuming that the function / is positive. 

Using Plancherel's formula, the characterisation of Lh via the symbol as(£) and Lemma 12.41 we write 

||/ p/2 ||| ?l2 = \\P /2 \\% a = J n l£l 2Q l/^ 2 (OI 2 ^ < f + c) 2 \f^(0\ 2 d( < c (||/ p / 2 || 2 2 + ||^/ p/2 ll£=) ■ 

Now, using the Strook-Varopoulos inequality (fl7|) we have 

\\f p/2 \\h + \\^f p/2 \\h < \\f p/2 \\h + c j F- 2 fCfdx 

JR™ 

So inequality (1181) is proven for positive functions. For the general case we write f{x) = f+{x) — f-{x) where f±(x) 
are positive functions with disjoint support and we have: 

\f(x)\P- 2 f(x)Cf(x)dx = f f + {x)P- 2 f+{x)Cf+{x)dx + £ f_(x)P- 2 f_(x)£f_(x)dx (19) 

f + (x)P- 2 f + (x)£f^(x)dx~ f f^x)P- 2 f^(x)Cf + (x)dx 



We only need to treat the two last integrals, and in fact we just need to study one of them since the other can be 
treated in a similar way. So, for the third integral we have 

f + (xy- 2 f + (x)£f-(x)dx = [ f + {xf- 2 f + {x) [ [/_(*) - f-{y)Mx - y)dydx 



f+{xf- 2 / [/+(*)/_(*) - f + (x)f.(y)]w(x - y)dydx 

JR™ 

However, since /+ and /_ have disjoint supports we obtain the following estimate: 

f + {xf- 2 f+{x)Cf-{x)dx = - f } + {xf- 2 f \f+(x)f-(y)]ir(x-y)dydx<0 



Recalling that n is a positive function we obtain that this quantity is negative as all the terms inside the integral are 
positive. With this observation we see that the last terms of (|19l) are positive and we have 



f + (x)P- 2 f + (x)Cf+(x)dx+ f_{ X y- 2 f-{x)Cf-{x)dx< / \f(x)r 2 f(x)Cf(x)dx<+^ 



Then, using the first part of the proof we have f± £ Bp a ^ p ' p (R n ) and since f = f+ — f- we conclude that / belongs 
to the Besov space B% a/p ' p (M n ). ■ 

Proof of Theorem^ We have obtained with the previous results a family of regular functions (0^) e >o & 
L°°([0,T};LP(WL n )) which are solutions of (HUJ) and satisfy the uniform bound ||6>( e )(-,i)|| L p < \\0 \\ LP . 
Since i°°([0, T];L p (R n )) = (L 1 ([0,T];i 9 (R n )))', with | + | = 1, we can extract from those solutions 9^ a sub- 
sequence (6k)keN which is *-weakly convergent to some function 9 in the space L°°([0, T]; L P (W 1 )), which implies 
convergence in Z?'(R + x M. n ). However, this weak convergence is not sufficient to assure the convergence of (v s 9k) to 
v 9. For this we use the remarks that follow. 

First, using remark [2.21 we can consider a sequence (vk)keN with Vk as in formula (j9|) such that Vk — > v weakly 
in bmo(W n ). Secondly, combining Proposition 12.31 and Theorem [7] we obtain that solutions 9k belongs to the space 
L oo ([0,T]; J L p (R n ))nL 1 ([0,T];Sp Qi/p ' p (K n )) for all k G N. 

To finish, fix a function <p £ Cg°([0,T] x E"). Then we have the fact that ip6 k G L 1 ([0, T]; Bp a ^ p,p (R")) and 
9 t <^0 fc G L 1 ([0,T];5- JV ^(M n )). This implies the local inclusion, in space as well as in time, tp9 k G Wt^ /p,p C W?" /p ' 2 
so we can apply classical results such as the Rellich's theorem to obtain convergence of Vk 9k to v 9. 

Thus, we obtain existence and uniqueness of weak solutions for the problem |T]) with an initial data in 9q G i p (M"), 

2 < p < +oo that satisfy the maximum principle. Moreover, we have that these solutions 6{x, t) belong to the space 
i oo ([0,T];iP(R™)) n£ p ([0,T];Bp Q/p ' p (]R")). ■ 

Remark 2.5 These lines explain how to obtain weak solutions from viscosity ones and it will be used freely in the 
sequel. 

3 Positivity principle 

We prove in this section Theorem [3] Recall that by hypothesis we have < ipa < M an initial datum for the equation 
© with G LP(R n ) and 2min n (/M) < p < +oo. 

To begin with, we fix two constants, p, R such that R > 2p > 0. Then we set Ao^r^x) a function equals to M/2 
over \x\ < 2R and equals to ipo(x) over |x| > 2R and we write Bo t n(x) = ipo(x) — Aq^r(x), so by construction we have 

ipo(x) = A 0i r(x) + B ,r(x) 

with ||A ,ij||z,oo < M and ||B ,_r||l=o < M/2. Remark that A 0iR ,B ,r G i p (M"). 

Now fix v G L°°([0, T]; bmo(W 1 )) such that div(v) — and consider the equations 

'd t A R (x, t) + V ■ (v A R )(x, t) + CA R (x, t) = 0, (d t B R (x, t) + V • (v B R )(x, t) + CB R (x, t)=0 

and <^ (20) 
A R (x,0) = A 0tR (x) [B R (x,0) =Bo tR (x). 

Using the maximum principle and by construction we have the following estimates for t G [0, T\. 

\\A R {;t)\\L» < \\A ,r\\lp <Ho\\L P +CMR n /P (Kp<+oo) (21) 

\\A R (;t)\\ L ~ < \\A 0tR \\ L oo < M. 

\\B R {;t)\\ L - < \\B 0<R \\ L o° < M/2. 
where AR(x,t) and BR(x,t) are the weak solutions of the systems (1201) . 

Lemma 3.1 The function ip(x,t) = AR(x,t) + BR{x,t) is the unique solution for the problem 

d t ip(x, t) + V • (v ip)(x, t) + CiJj(x, t) = 

(22) 

V>(x,0) = Ao, R (x) + B 0>R (x). 
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Proof. Using hypothesis for A R (x,t) and B R (x,t) and the linearity of equation (|2"21 we have that the function 
ip R (x,t) — A R (x,t) + B R (x,t) is a solution for this equation. Uniqueness is assured by the maximum principle and 
by the continuous dependence from initial data given in corollary 12.11 thus we can write ^(x,t) = tp R (x,t). ■ 

To continue, we will need an auxiliary function (f> G Cg°(R") such that (f>(x) = for \x\ > 1 and <fi(x) = 1 if \x\ < 1/2 
and we set ip(x) = <fi(x/R). Now, we will estimate the L p -norm of (p(x)(A R (x, t) — M/2) with p > n/2 min(/3, S), where 
f3 and S are the parameters of the hypothesis for the function n in the cases (a)-(d). We write: 

d t M-)(A R {;t)-M/2)\\ p LP = pf \ V {x){A R (x,t)-M/2)\ p -\ip(x){A R {x,t)-M/2)) 

x d t ((p(x)(A R (x,t) -M/2))dx (23) 

We observe that we have the following identity for the last term above 

dt(<p{x)(A R (x, t) ~ M/2)) = -V • { V {x) v{A R {x, t) - M/2)) - C(<p(x)(A R {x, t) - M/2)) 

+ (A R (x,t) - M/2)v ■ Vip(x) + [£,(p]A R (x,t) - M/2£tp(x) 

where we noted [C, ip] the commutator between C and (p. Thus, using this identity in (1231) and the fact that div(v) = 
we have 

d t M-)(A R (;t)-M/2)f LP = -p [ \ V {x){A R {x,t)-M/2)\ p -\ip{x){A R {x,t)-M/2)) 

x C{ip{x)(A R {x, t) - M/2))dx (24) 

+ pf \<p(x)(A R (x,t)-M/2)\ p - 2 (p(x)(A R (x,t)-M/2)) 

x ([£,tfi]A R (x,t) - M/2Cip(x))dx 
Remark that the integral ([M]) is positive so one has 

d t \\v(-)(A R (;t) - M/2)\\ P LP < pf \v(x)(A R (x,t)-M/2)\ p - 2 (<p(x)(A R (x,t)-M/2)) 

x ([£,(p]A R (x,t) - M/2Cip{x))dx 
Using Holder's inequality and integrating in time the previous expression we have 

M-)(A R (;t)-M/2)\\l P < ||^(0(^(,O)-M/2)||^+^||[£,^ fl (, S )|| iP + ||Af/2^|| LP ^ S (25) 

The first term of the right side is null since over the support of ip we have identity A R (x,0) = M/2. For the second 
term ||[£, p]A R (-, s)\\ LP we will need the following lemma 

Lemma 3.2 For 1 < p < +oo we have for the cases (a)-(d) the following inequality: 

\\[CMAr{;s)\\ lp <C(R-^ + R- 2S )\\A 0tR \\ LP . 

Proof. We have [£, (p]A R (x, s) — J (<fi(x) ~ ip(x — y))A R (x — y, s)n(y)dy and we divide our study following the 
different cases (a)-(d). 

For the case (a), where < a < (3 < 1/2 and < S < 1/2, or in the case (b) where 0<a = /3 = <5< 1/2, we 
proceed as follows. We begin with the case p = +oo and we write: 

\\CMA«(*, S )\ < I i^=0 lARM]dv + I W^^tafc.,,* (26) 
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Again, it is enough to study one of these two integrals since the other can be treated in a totally similar way. We 
write: 

f \<p(x) - tp(y)\ j A i si, f jyQ) -<p(y)\ \ A , m, , [ |^(x) - ip{y)\ 

/ \Z ,.\ n +2p \A R (y,s)\dy = \A R (y,s)\dy + \A R (y,s)\dy 

JR™ \X — y\ J{\x-y\>R} F V\ J{\x-y\<R} F ~ i/| H 

s on ii f \A R (y,s)\ , , f l|V<p||i°°|a; - y\ , . , 

J{|o;-i/|>JJ} F f I J{|K- a |<i?,} F — 2/1 

< 2|MM|^(, S )||^ / I dy + CRr* [ J^ff-! */ 

J{|a:-I/|>.R} F 2/1 ^ •'{|a!-v|<fl} F _ 2/1 ^ 

< 2C||^||^||^(., s )|| L o i?-^ + C||A fl (., s )|| i ooi?- 2 ' 3 <Cfl-^||^,, fl || L -. 
Then, with the <5-part in inequality (|26p we have 

\\[£,<p]A R (;s)\\ L °o < C{R-^ +R- 2S )\\A , R \\ L o°. 
The case p = 1 is very similar. Using inequality (|26l) we have 

\[CMMx,s)\dx< J^JJ-^0^\A R (y, S )\dyd X + ^JJ^^0^\A R {y,s)\dyd X 

We only estimate one of the previous integrals. 

f f \<p(x)-tp(y)\ lA f f \A R { Vl s)\ 

JR" Jr« F _ 2/1 Jr- Jf i-« >fl} F — 2/1 



{|x-y|>ii} N - 2/|" +2/3 
p-l / /* l^fl(2/,s)| 

' — J{\x-y\<R} F _ 2/1 ^ 

< q|^|| i o.||A B (^ a )|| £ iii-^ + cpfl(., fl )|| £ iJi-^<cie-^||^o liI || £ i 



With the other integral, we obtain 

||[4v]4ii(-.s)IU* < C(r7- 2 ^ + r7- 25 )||A ^|| L1 . 
Finally, the case 1 < p < +oo is obtained by interpolation. See [8] or [18] for more details about interpolation. 

For the remaining cases (c) and (d) (i.e. if a = /3 = 1/2 and < 5 < 1/2 or a = /3 = S = 1/2), the result will be 
a consequence of the Calderon's commutator inequality (see [5]) and the maximum principle. H 

Now, getting back to the last term of (|25p we have by the definition of <p and the properties of the operator C the 
estimate: 

\\M/2£ip\\ LP < CMR n / p (R- 2f} + R- 2S ). 
We thus have t 

\\<p(.)(A H (>,t) -M/2)\\l P < C(R^ + R- 2S )J o (\\A , R \\ LP + MR n /Ad S . 

Observe that we have at our disposal estimate (j2Tj) . so we can write 



M-)(A R (;t) - M/2)\\% < Ct{R- 2 ? + R- 25 ) (hVoIIlp + MR n ^) 

Using again the definition of ip one has / \A R (; t) - M/2\ p dx < Ct(RT 2fi + R- 2S ) + MR n/p ) • Thus, if 

R — > +oo and since p > 2 mi"(/3 s) » we nave A(x, t) = M/2 over B(0, p). 

Hence, by construction we have ip(x,t) = A R (x,t) + B R (x,t) where -0 is a solution of (|2"2"|) with initial data 
if'o = A a , R + Bo tR , but, since over B(0,p) we have A(x,t) = M/2 and \\B(-, i)||z,°° < M/2, one finally has the desired 
estimate < ip(x,t) < M. ■ 

4 Existence of solutions with a L°° initial data 

The proof given before for the positivity principle allows us to obtain the existence of solutions for the fractional 
diffusion transport equation fl} when the initial data 9q belongs to the space L°°(M. n ). The utility of this fact will 
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appear clearly in the next section as it will be used in Theorem 2) 

Let us fix 9 R = 9o1b(o,r) with R > so we have 9 R € L p (M. n ) for all 1 < p < +oo. Following section[2j there is a 
unique solution 9 R for the problem 

d t 9 R + V • (v9 R ) + C9 R = Q 
9 R (x,0) =9 R {x) 

L div(v)=0 and v G L°°([0,T]; bmo(M. n )). 

such that fi e L°°([0,T];LP(R n )). By the maximum principle we have \\9 R {-,t)\\ LP < \\9 R \\ LP < v n \\9 \\ L ~R n /P. 
Taking the limit p — > +oo and making R — > +oo we finally get 

\\0(;t)\\L°° < C\\9 \\ L -. 

This shows that for an initial data 9$ G L°°(M. n ) there exists an associated solution 9 € L°°([0,T]; L°°(R™)). 

5 Holder Regularity 

In this section we are going to prove Theorem^] It is very important to note that we will work only with the cases (c) 
and (d): from now on the operator £ is assumed to be of the form ([7]) with an associated Levy measure tt satisfiying 
the hypothesis g]) and © with a = f3 = 1/2 and 0<5<l/2ora = /3 = (5 = l/2. 

We will now study Holder regularity by duality using Hardy spaces. These spaces have several equivalent char- 
acterizations (see [3], [7] and |18) for a detailed treatment). In this paper we are interested mainly in the molecular 
approach that defines local Hardy spaces. 

Definition 5.1 (Local Hardy spaces h a ) Let < a < 1. The local Hardy space ^(M™) is the set of distributions 
f that admits the following molecular decomposition: 

/ = E A ^ (27) 

where (Xj)jeN is a sequence of complex numbers such that X)jgn I-M ct < - an d (V'j)jeN is a family of r -molecules 
in the sense of definition \5.'A below. The h a -norn^ is then fixed by the formula 

ll/IU- = 

where the infimum runs over all possible decompositions \2T\ ). 

Local Hardy spaces have many remarquable properties and we will only stress here, before passing to duality results 
concerning h a spaces, the fact that Schwartz class iS(R") is dense in /i CT (R"). 

Now, let us take a closer look at the dual space of the local Hardy spaces. In 7 D. Goldberg proved the following 
important theorem: 

Theorem 8 (Hardy-Holder duality) Let < a < 1 and fix 7 = — 1). Then the dual of local Hardy space 
h a (R n ) is the Holder space C 7 (JR") fixed by the norm 

||/|| C , = ll/lk~+sup! /(rl " fi>nl 




x ^ y \x-y\i 

This result allows us to study the Holder regularity of functions in terms of Hardy spaces and it will be applied to the 
solutions of the equation ([T]) . 

Remark 5.1 Since < a < 1, we have X^eN I'M — ( SjeN I^jT ) thus for testing Holder continuity of a 
function f it is enough to study the quantities \ {f,ipj)\ where is an r-molecule. 
2 it is not actually a norm since < o~ < 1. More details can be found in [7] and |18| . 
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Since we are going to work with local Hardy spaces, we will introduce a size treshold in order to distinguish small 
molecules from big ones in the following way: 

Definition 5.2 (r-molecules) Set < a < 1, define 7 = n(~— 1) and fix a real number oj such thatO < 7 < w < 1. 
j4n integrable function tp is an r-molecule if we have 



Small molecules (0 < r < 1): 



\ip(x)\\x - x Q \ u dx < r"-~', for x G 



(concentration condition) 



(28) 



< 



r n+7 



(height condition) 



(29) 



ip(x)dx — 



>'zg molecules (1 < r < +00): 



(moment condition) 



(30) 



In i/iis cose u;e on/?/ require conditions V28\) and i29\) for the r-molecule ip while the moment condition &30\) is 
dropped. 

Remark 5.2 

1 ) Note that the point Xq G R™ can be considered as the "center" of the molecule. 

2) Conditions 128(1 and \29( imply the estimate HV'IIl 1 < Cr~ 7 thus every r-molecule belongs to L p (M. n ) with 
1 < p < +00. 

3) In this definition, we find convenient to show explicitely the dependence on the Holder parameter 7 instead of a. 

The main interest of using molecules relies in the possibility of transfering the regularity problem to the evolution of 
such molecules: 

Proposition 5.1 (Transfer property) Let ip(x,s) be a solution of the backward problem 

' d s i(>(x,s)= —\7-[v(x,t — s)'ip(x,s)]—Cip(x,s) 

ip(x,0)= ip {x) e L 1 ni°°(R") (31) 

div{v)= and v e L co ([0,T};bmo(M. n )) 
If 9(x,t) is a solution of (Q]) with 9q G L°°(R n ) then we have the identity 

9(x,t)ijj(x,0)dx = 9(x,0)ip(x,t)dx. 

Proof. We first consider the expression 

d s J 9(x,t — s)ip(x, s)dx = J — d s 6(x, t — s)if>(x, s) + d s ip(x, s)d(x, t — s)dx. 

Using equations ([1]) and (I3T1) we obtain 

d s / 9(x,t — s)tp(x, s)dx = I — V • [(v(x, t — s)9(x, t — s)] tp(x, s) + £0(x,t — s)tp(x, s) 



— V • [(v(x, t — s)ip{x, s))] 9(x, t — s) — £ip(x, s)9(x, t — s)dx. 

Now, using the fact that v is divergence free and the symmetry of the operator C we have that the expression above 
is equal to zero, so the quantity 

9(x, t — s)ip(x, s)dx 



j 



remains constant in time. We only have to set s — and s = t to conclude. 
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This proposition says, that in order to control (6(-,t),tpo), it is enough (and much simpler) to study the bracket 



Proof of Theorem [4j Once we have the transfer property proven above, the proof of Theorem [~4] is quite direct 
and it reduces to a L 1 estimate for molecules. Indeed, assume that for all molecular initial data tpo we have a L 1 control 
for tp(-,t) a solution of (f5T|) . then Theorem @] follows easily: applying Proposition 1 5 . 1 1 with the fact that 9o € L°°(R n ) 
we have 



9(x, t)ipo(x)dx 



9(x 7 0)ip(x,t)dx 



< 



£1 < +00. 



(32) 



From this, we obtain that 9(-,t) belongs to the Holder space C 7 (IR™). 



Now we need to study the control of the L 1 norm of il>(-,t) and we divide our proof in two steps following the 
molecule's size. For the initial big molecules, i.e. if r > 1, the needed control is straightforward: apply the maximum 
principle and the remark 15721 - 2 ~) above to obtain 

\\9 \\L~\M;t)\\Li < \\0ah°°\\H\v < C±-\\6 \\ Lao , 

but, since r > 1, we have that \(6(-,t),tpo)\ < +oo for all big molecules. 

In order to finish the proof of this theorem, it only remains to treat the L 1 control for small molecules. This is the 
most complex part of the proof and it is treated in the following theorem: 



Theorem 9 For all small r -molecules (i.e. < r < 1), there exists a time Tq > such that we have the following 
control of the L l -norm. 

U{;t)\W <CTp (T <t<T), 

with < 7 < 2<5 < 1. 

This theorem will be proven in sections 15.11 15.21 and 15.31 



Accepting for a while this result, we have then a good control over the quantity ||?/>(-, £)|| L i for all < r < 1 and 
getting back to (p?2"j) we obtain that \(9(-, t), ipo)\ is always bounded for T < t < T and for any molecule i/jq: we have 
proven by a duality argument the Theorem [U ■ 

Let us now briefly explain the main steps of Theorem [5] We need to construct a suitable control in time for the 
L -norm of the solutions ip(-,t) of the backward problem (|31j) where the inital data i/jq is a small r-molecule. This 
will be achieved by iteration in two different steps. The first step explains the molecules' deformation after a very 
small time so > 0, which is related to the size r by the bounds Q < sq < er with e a small constant. In order to 
obtain a control of the L 1 norm for larger times we need to perform a second step which takes as a starting point the 
results of the first step and gives us the deformation for another small time si, which is also related to the original 
size r. Once this is achieved it is enough to iterate the second step as many times as necessary to get rid of the depen- 
dence of the times sq, sx, ... from the molecule's size. This way we obtain the L 1 control needed for all time Tq < t < T . 



5.1 Small time molecule's evolution: First step 

The following theorem shows how the molecular properties are deformed with the evolution for a small time sq- 

Theorem 10 Set a , 7 and u> three real numbers such that < a < 1, 7 = n(~ — 1) and 0<j<u<2S<lin 
the case (c) or < 7 < ui < 1 in the case (d). Let ip(x, Sq) be a solution of the problem 

d ao ip(x,s )= -V- (vip)(x,a ) —Cip(x,s ) 

ip(x,0)= ip {x) (33) 

div(v) = and v £ L°°([0, T]; bmo(W 1 )) with sup ||u(-, So)||fc?no < A* 

So e[o,T] 

If ipo is a small r-molecule in the sense of definition \5.2\ for the local Hardy space ft, CT (R™), then there exists a positive 
constant K = K(fi) big enough and a positive constant e such that for all < Sq < er small we have the following 
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estimates 



Mx,8o)\\x-x(8 )\ u dx < (r + Kso)^ 1 

1 



< 



where v n denotes the volume of the n- dimensional unit ball. 

The new molecule's center x(so) used in formula {3$ is fixed by 

x'(s ) 

x(0) 



(r + Ks 

Vn 

(r + Ks o y 



n+7 



(34) 
(35) 
(36) 



v Br = ]57\J v (v> s o)dy where B r = B(x(s ),r). 



(37) 



x . 



Remark 5.3 

1) The definition of the point x(sq) given by Jff7| ) reflects the molecule's center transport using velocity v. 

2) Remark that it is enough to treat the case < (r + Ksq) < 1 since sq is small: otherwise the L 1 control will be 
trivial for time Sq and beyond: we only need to apply the maximum principle. 



The proof of this theorem follows the next scheme: the small concentration condition (|34p . which is proven in the 
Proposition [521 implies the height condition (l3"5j) (proved in Proposition 15. 3p . Once we have these two conditions, the 
L 1 estimate (f3"6"| will follow easily and this is proven in Proposition l5.4l 

Proposition 5.2 (Small time Concentration condition) Under the hypothesis of Theorem \1 (A if ipo is a small 
r-molecule, then the solution iji{x, s) of h3S\) satisfies 

\^(x,s )\\x-x(s )\ u dx < (r + Kso)"" 1 

for x(sq) G K n fixed by formula {Slfy and with < sq < er. 

Proof. Let us write £Iq(x) = \x — x(so)\ u and 4>{x) — i>+(x) — ip—(x) where the functions ip±(x) > have disjoint 
support. We will note ip±(x, sq) solutions of (|33[) with tj)± (x, 0) = ip± (x). At this point, we use the positivity principle, 
thus by linearity we have 

\ip(x,8 )\ = \ip+(x,s ) - ip-(x,s )\ < ip+(x,s ) + ip-(x,s ) 

and we can write 

\ip(x 7 so)\Qo(x)dx < / ip+{x, so)Qo(x)dx + / (x, so)^o(x)dx 
so we only have to treat one of the integrals on the right side above. We have: 

I = 



d SQ I £l (x)ijj + (x,So)dx 

d So tt (x)ip + (x, s ) + Cl (x) [-V • (viji + (x,so)) - Cip + (x,s )]dx 
-Vf2o(x) • x'(s )ip + (x, s ) + Qo(x) [-V • (vip + (x,s )) - Cip + (x,s )} dx 



Using the fact that v is divergence free, we obtain 



\7Hq(x) ■ (v — x' (so))ip + (x, so) — £Io(x)£t/j + (x, so)dx . 
Since the operator £ is symmetric and using the definition of x'(sq) given in (|37[) we have 

I < c / \x — x(sq)\ u '~ \v — vb t I \4)+(x, so)\dx +c / LCT2o(a:) \ip+(3>i so)\dx . 



(38) 



We will study separately each of the integrals I\ and I2 in the Lemmas 15.21 and 15.31 below. But before, we will need 
the following result 
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Lemma 5.1 Let f € bmo(M. n ), then 

1) for alll<p< +00, / is locally in LP and ^ J \f(x) - f B \ p dx < C\\.f\\ p bmo 

2) for all k e N, we have \f 2 k B — Ib\ < Cfc||/||bmo where 2 k B — B(x, 2 k R) is a ball centered at a point x of radius 
2 k R. 

For a proof of these results see [18] . 

Lemma 5.2 For integral L\ above we have the estimate L\ < C\x r u ~ x 1 . 

Proof. We begin by considering the space W 1 as the union of a ball with dyadic coronas centered around x(so) 7 more 
precisely we set R" = B r U (Jfe>i where 



B r = {x E E n : \x - x(s )\ < r} and E k = {x e R" : r2 k ~ 1 < \x - x{s )\ < r2 k } for k > 1, 
(i) Estimations over the ball £> r . Applying Holder's inequality to the integral L\B r we obtain 



h. 



\x-x(s )\ u 1 \v -VB r \\ip+(x,s )\dx < |||x-a;(so)r 1 \\lp{b t ) 



(39) 



(40) 



(i) 



x \\v ~ V Br \\ LHBr ) \\^+{-,So)\\ L 1(B r ) 



(2) 



(3) 



where - + - + - = 1 and p, z,q > 1. We treat each of the previous terms separately: 

p z q 



1+1 + 1 

p z q 

• First observe that for 1 < p < n/(l — uj) we have for the term (1) above: 

\\\x-x{s )r- l \\ L * {Br )<Cr n l* + "- 1 . 

• By hypothesis u(-, so) € bmo and applying the Lemma UTTl we have \\v — VB r \\L z (B r ) < C|^r| 1 ^ 2 ||w(-, so)||bmo- 

Since sup ||i>(-, So)||& mo < M, we write for the term (2): 
s e[o,T] 

||«-«B r |U.(B r ) <C^ 

• Finally for (3) by the maximum principle we have ||?/>+(-, So)|U«(s r ) < II^+C'j 0)IIl«> hence using the fact that 
■00 is an r-molecule and remark [5 .2\ 2) we obtain 



„n+7 



1-1/9 



||'0+(- 5 So)||L8(B r ) < C 

We combine all these inequalities together in order to obtain the following estimation for (|40l) : 

h,B r < Cfi r u - l -">. (41) 
(ii) Estimations for the dyadic corona Ek- Let us note I\,Et, the integral 

h,E h = / \x - x{s Q )\ u) ~ 1 \v -VB T \\ik+{x,so)\dx. 

JE h 

Since over E k we haveH |a; - x(s )\ ul ^ 1 < C2 fc( "~ 1 V"~ 1 we write 

h,E„ < C2 k ^r^- 1 ([ \v-v B r2k U+(x,s Q )\dx+ [ \v Br -v B ^U+(x }So )\dx 

\JE k ^ JE k 



where we noted B r2 k — B(x(so),r2 k ), then 



h, Ek < C2 



fc(w-i) r u-i 



\ V - v B^ k \\^+(x,so)\dx + / \v Br - v B \\ip + (x,s )\dx 



3 rccall that 0<7<W<25<1. 
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Now, since v(-,sq) G 
write 



'), using the Lemma I5TT1 we have \vs r — vb k | < Ck\\v{-, so)||f, mo < C/c/j, and we can 



- v B^ k \\ip+(x, s )\dx + Ckfi\\ip+(-, ■ s o)IU 1 



< C2 k ^r- 1 (||V+(-, * )[k.o \\v - v Bv2k + Ck^ r-?) 

where we used Holder's inequality with 1 < ao < „ + ^_x) and maximum principle for the last term above. Using 
again the properties of bmo spaces we have 

h, Ek < C2 k ^r^ (||^M)||^|^ + (-,0)]]^ ■ 
Let us now apply the estimates given by hypothesis for || , + (-,O)||ii, ||^+( - , 0) an d \\ v i'i s o)\\bmo to obtain 

h,E k < C2 k(n - n/aa+u '- 1) r u} - 1 -~< n + C2 k{uJ - 1} kfi r^ 1 ^. 
Since 1 < ao < n+ ("_ 1 ) , we have n — n/ao + (lu — 1) < 0, so that, summing over each dyadic corona E^, we have 

C M r- 1 ^. (42) 

fc>i 

Finally, gathering together the estimations (|4"Tj) and ([4*21 we obtain the desired conclusion. ■ 



Lemma 5.3 For integral I2 in inequality \38\) we have the estimate I2 < Cr u 1 7 . 

Proof. As for the Lemma 15721 we consider R™ as the union of a ball with dyadic coronas centered on x(sq) (cf. 
(i) Estimations over the ball B r . We write, using the maximum principle and the hypothesis for ||^; + (-,0)||l=°: 



'2,B r 



\C(\x - x(so)\ u )\\if) + (x, s )\dx < ||V>+(-,so)[|i<x. / \C\x - x(s )\ u \dx 

B r J B r 



{\x\<r} 



v.p. / [\x\ u -\x-y\ u ]n(jf)dy 

dx. 



{|x|<r} 

v.p. / [\x\ u -\x-y\ u ]w(y)dy 



dx 



We use now the hypothesis (j3]) and (JSJ) for the function 7r in the case (c), i.e. a = j3 = 1/2 and < 5 < 1/2, in 
order to obtain 



h.B r < r- n -< 



{|x|<r} 



V.p. 



{M<i} If 



dx + r 



{\x\<r} JK" 12/ 



^+25 



< r-"^(/ 2 , B i+/ 2iB ,). 
We start studying the first term I 2 b 1 above. Recalling that 



(-A)^(| xn=v . p ./ Fl »l ^ = [a- 



2/1 

by homogeneity and using the fact that < r < 1 we obtain: 



(43) 



(44) 



T , <r rju+n—i 

1 2,Bl S ^ 



-^^dydx I = CV +n - 5 



n+ 



'{|x|<l} -/{M<1} J{\v\>l/r} 12/ 

For the second term I 2 ,b 6 we wm proceed as follows. First, by homogeneity we obtain 

I |a;|" — \x — y" ' 



l 2,B b r — r 



{M<1} 



127 



n+25 



-dydx . 
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Then we decompose this integral / in the following way 



xr - x 



y\ u \s , , f f \\x\ u -\x-y\ u \ 



dydx + / . dydx 

{\x\<i}j{\ y \<i} \y\ n+2d J{\x\<i}J{\y\>i} \y\ n+2d 



< f ( sup IN" \* an ) (f „ r • I ( / 1,1- - 

JUx\<l} \0<|y|<l \y\ / \ J{U 



l{\x\<l} \0<M<1 \y\ J \J{\y\<l} J J{\x\<l} \J{\y\>l} 

Since < 7 < ui < 25 < 1, it is not complicated to see that 



7 ( 

J{\x\<l} \0 



I -l CI I -up ^ y¥± \dx + C (45) 

\o<|tf|<i \V\ J 



and that this latter quantity is bounded. Then, getting back to (|43|) we write l2,B r < C(r" _7_1 + r"^" 2 ' 5 ). 
Recalling that we are working with small molecules, i.e. that < r < 1 , we obtain r u_2 ^ 1 < r w ~ 1-7 , so we 
finally have 

h,B T < Cr^-T- 1 . 

The case (d), when a = /3 = 5 = 1/2, is easier since (— A) 1 / 2 (|x|") = Thus, in any case we can write: 

h,B r = [ \<C(\x-x(s )n\\ip + {x,s )\dx<Cr u - 1 -\ (46) 

J B r 

(ii) Estimations for the dyadic corona Ek- We start with the case (c) when a = /? = 1/2 and < 8 < 1/2: 
h,E k = / |£(|x - x(s )\ u )\\ip + (x, s Q )\dx < ||^ + (-,s )||li sup \C{\x - a;(s )|")| 

J E k x£E k 



< r 7 1 sup 

, r 2 fc - 1 <|x|<r2 fc 



\xT-\x-yT 
V -P- / Ti^+T dy 

{\ y \<i} \y\ n+1 



, \\x\ u - \x-y\"\ , 



r2 fc - 1 <|x|<r2 fe 



Let us start with ^.e 1 ! by homogeneity and using the formula (|44[) we obtain 



j 2iB j < sup ixr^+c^*)- 1 ! sup / |N " 

r2 fe - 1 <|x|<r2 fc \K|a:|<2 J{|y|>l/r2 fc - 1 } 12/1 

We only need to study the last term of this expression. If < r2 h ~ 1 < 1, the integral above is immediately 
bounded by a constant. The case when 1 < r2 k ~ 1 is treated as follows: 

f llxl" - \x- y\ w \ , / /" Wxl" - \x-y\"\ , /" - |x - j/N 

K|x|<2 J{\y\>l/r2k-n \y\ n+L l<|x|<2V^{l/r2*'- 1 <ly|<l} M J + 

{1<I»|} 

< sup ( sup "^-'r yn Vn(2^ ) + C 

i<ixi<2\o<ii/i<i Is/I / 

Thus we obtain I 2>E i < C(r2 k ) u - 1 (l + ln(2 fe - 1 )). 

The term J 2 s s is easier: applying essentially the same ideas used in the formulas (|43|) - (|45p above and by homo- 
geneity we have I 2 E s < C(r2 fe )"" 2 ' 5 . 

Finally, we obtain the following inequality for l2,E k '■ 

h,E k < Cr-i ((r2 fe )"- 1 (l + ln(2 fe - 1 )) + (r2 k ) u - 25 ) 
Since 0<7<u;<2<5<1, summing over k > 1, we obtain \^l2,E k < CV~ 7 (r w_1 + r w_M ) . Repeating the same 

k>l 

argument used before (i.e. the fact that < r < 1), we finally obtain 

< Cr"- 1 " 7 (47) 

k>l 
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The case (d) is straightforward since we have L = (—A) 1 / 2 and (— A) 1 / 2 (|a;| LJ ) = | a; | ^ 1 . 

In order to finish the proof of Lemma 15.31 we combine together the estimates (|4"6")l and (|47[) . ■ 

Now we continue the proof of the Proposition 15.21 Using the Lemmas 15.21 and 15.31 and getting back to estimate 
(l3"51) we have 



d SQ / Q (x)tp + (x, s )dx 

JR» 

This last estimation is compatible with the estimate (f3"4"| for < sq < er small enough: just fix K such that 

C(ji + l)<K(u-'y). (48) 

Indeed, since the time so is very small, we can linearize the formula (r + Kso) ul ~ 1 in the right-hand side of (|34l) in 
order to obtain 

= (r + Ks ) u -^ « r^ (l + [if(w - 7 )]— ) • 

Finally, taking the derivative with respect to sq in the above expression we have <fi' « r^^ 1 ^ 1 K(lu — 7) and with 
condition (|4"8"f Proposition 15.21 follows. ■ 



Now we will give a sligthly different proof of the maximum principle of A. Cordoba & D. Cordoba. Indeed, the 
following proof only relies on the concentration condition proved in the lines above. 

Proposition 5.3 (Small time Height condition) Under the hypothesis of Theorem \1(A if ifj(x,so) satisfies the 
concentration condition \34\ ), then we have the following height condition 

IM-,*o)IU~< . * . n+7 - (49) 
(r + Ksq) 

Proof. Assume that molecules we are working with are smooth enough. Following an idea of [B] (section 4 p. 522-523) 
(see also [5] p. 346), we will note x the point of R™ such that ip(x,so) = \\ip(-, So)|U°°- Thus we can write, by the 
properties of the function tt (recall that we assumed a = j3 = 1/2 and 0<<5<l/2ora = /3 = (5=l/2): 

-^IM-,*o)IU-<-/ mx,so)-^(x-y,so)Hy)dy<- I m *\l o) ~^ So)l dy<o. (50) 

ds Jr- J{\x-y\<i} \x-y\ n+i 

For simplicity, we will assume that tp(x, sq) is positive. Let us consider the corona centered in x defined by 

C(R U R 2 ) = {ye R" :Ri<\x-y\< R 2 } 
where 1 > R2 = pRi with p > 2 and where R\ will be fixed later. Then: 



rp(x,s ) -ip(y,s ) ^ > I tp(x,s Q ) - il>{y,s ) ^ 



{|s-»|<i} \x-y\ n+1 Je(Rt,R 2 ) \x-y\ n+1 

Define the sets B\ and B 2 by B\ — {y £ C(Ri,R 2 ) : ip(x,so) — ip(y,So) > ^ip(x,so)} and B 2 = {y G C(Ri,R 2 ) : 
ip(x, s ) — ip(y, so) < \ip{x, so)} such that C(Ri,R 2 ) = B\ U B 2 . 

We obtain the inequalities 



L 



^s )-Hy,s ) dy > I ^)-^M dy > j^fo) m = g&g) {muR2)l _ m _ 



Ic{r u r 2 ) \x-y\ n+l - J Bl \x-y\ n +' " - 2R^ ■ 2R 2 

Since R 2 = pR\ one has 

I ^{xso)-4>{yso) ^x, S q) f _ _ A 

Jc(r u r 2 ) \x-y\^ y - 2p^R n 1 +1 \ nKI J K ' 

where v n denotes the volume of the n-dimensional unit ball. 

Now, we will estimate the quantity I-B2I in terms of i^i^, so) and R\ with the following lemma. 

Lemma 5.4 For the set B 2 we have the following estimations 
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1) if \x - x{s Q )\ > 2R 2 then d{r + KsqY-^^{x,sq)- 1 R^ >\B 2 \. 

2) if\x- x(s )\ < Ri/2 then d(r + Ksq) u —<4>(x, s ) _1 i?r" > \ B z\- 

3) ifRi/2 < \x-x(s )\ < 2R 2 then (C 2 (r + Ks ) u -^B^~ u if(x, so) _1 ) 1/2 > \B 2 \. 

Recall that for the molecule's center xo £ K™ we noted its transport by x(sq) which is defined by formula (|37D . 

Proof. For all these estimates, our starting point is the concentration condition ((34)) : 



{r + Ks y-i>( \i>(y,s )\\y-x(s )rdy > f s )| \y - xM^dy > / \y - z(8 )\ u dy. 

JR™ J B 2 Z J B 2 

We just need to estimate the last integral following the cases given by the lemma. The first two cases are very similar. 
Indeed, if \x — x(sq)\ > 2R 2 then we have 

min \y-x(s )\ u > R 2 =p u Ri 
while for the second case, if \x — x(sq)\ < Ri/2, one has 

R u 

min \y - x(s )\ u > — j. 
yeB 2 cC(R 1 ,R 2 ) 2" 

Applying these results to ^ we obtain (r + Ks )"-"< > ^^-p u R^\B 2 \ and (r + Ks )^' > ^^1^-|B 2 |, and 
since p > 2 we have the desired estimate 

C ^; Ka f- y >^ + f K80) r>\B2\ withCr = 2^. (52) 
For the last case, since i?i/2 < \x — x(sq)\ < 2R 2 we can write using the Cauchy-Schwarz inequality 

\y-x( So Tdy>\B 2 \ 2 ( f \y-x(s )\-"dy) (53) 

B 2 \JB 2 / 

Now, observe that in this case we have B 2 C B(x(sq), 5i? 2 ) and then 



\y-x(a )\- u dy< / |y - a: (s «n(5pi?i)"- 

B 2 JB(x(s ),5R 2 ) 

Getting back to ((53)) we obtain 

I \y- x(s )\"dy > |B 2 | a «- 1 (5p«i)~ n+w 

We use this estimate in (1521 to obtain 

C* 2 (r + X S o) w/2 " 7/2 i?i /2 ^ /2 



i/>(£,s ) 1/2 

where C 2 = (2 x 5 n ~ u 'v n p n ~ u} ) 1 / 2 . The lemma is proven. 



> \B2\, (54) 



With estimates (1521) and ((54)) at our disposal we can write 
(i) if \x — x(sq)\ > 2R 2 or \x — x(s )\ < R\/2 then 



so) - *<y, so) dy > j/^fp) / (p „ _ 1)jR? _ C 1 ir + KsoT^ Rr 



ic(r,m 2 ) y -2 P ™+iE™ +1 V 1 ^(s,*o) 

(ii) if J2i/2 < \x-x(s )\ < 2R 2 



| 5 _ y |n+i ^ ^ V AP )Hl ~ 1>(W, so) 1 / 2 
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(u) 1) _ -1 

Now, if we set R\ = (r + Ksq) n +" tp(x, sq) and if p is big enough such that the expression in brackets above is 



positive, we obtain for cases (i) and (ii) the following estimate for (l5Tj) : 

/ , dy>C(r + Ks ) ^^(x,s ) + ^ 

Jc(r 1 ,r 2 ) \ x ~y\ 

where C — C(n, p) — ""^ p ""^^ffii""^ < 1 is a small positive constant. Now, and for all possible cases considered 
before, we have the following estimate for f|50[): 



All././. .-Ml- ^ ^ . ^"fe?IL/,/. ..MI 1+ ^= 

ds 



, so)||i°" < ~C(r + Ks ) ||V(-,So)iii- 



Solving this differential inequality with initial data \\ip(-, 0)\\l<>° <r n 7 , we obtain \\ip(-, so)||l°° < (r + Ksq) 

The proof of Proposition 15 .31 is finished for regular molecules. In order to obtain the global result, remark that, for 
viscosity solutions (|10[) . we have that A9(x, sq) < at the points x where 6*(-, sq) reaches its maximum value. See [6] 
for more details. ■ 

We treat now the last part of Theorem [TDJ 

Proposition 5.4 (First L 1 estimate) Ifijj(x,so) is a solution of the problem i33\) , then we have the following L 1 - 

norm estimate: ^ 

\\ip(;S )\\ L i < " 7 . 

(r + Ks ) 

Proof. We write 

\ip(x,so)\dx = / \ip(x, s )\dx + / \ij)(x,so)\dx 

J{\x-x(s )\<D} J{\x~x(s )\>D} 



< v n D n \\i()(;So)\\ L °° +D-" I \i>{x,s )\\x-x(s )\"dx 

Now using (14T)1) and (jM)) one has: 



D r ' 
(r+~K~s o y 



\il>(x,s )\dx < v n - — +U! +D- u (r + Ks Q ) u 



where v n denotes the volume of the unit ball. To continue, it is enough to choose correctly the real parameter D to 
obtain 

M;s )\\ L1 < Vn 

[r + Ks ) 



5.2 Molecule's evolution: Second step 

In the previous section we have obtained deformed molecules after a very small time sq. The next theorem shows us 
how to obtain similar profiles in the inputs and the outputs in order to perform an iteration in time. 

Recall that we consider here a Levy-type operator C of the form ([7]) with an associate Levy measure tt that satisfies 
hypothesis ((H) and (J5J) with the following values of the parameters a, (3, S: 

(c) a = /3= 1/2 and < 6 < 1/2, 

(d) a = p = 6 = 1/2. 

Theorem 11 Set 7 and u) two real numbers such that < 7 < u) < 25 < 1 in the case (c) or0<7<w<l in the 
case (d). Let < s% <T and let ip(x, si) be a solution of the problem 

d ai ip(x,s 1 )= -V- (vip)(x, 81) -Cipfast) 

1p(x,0) = ljj(x,So) With S > /gg\ 

div(v)= and v e L°°([0,T};bmo(R n )) with sup \\v(-, Sl )\\ bmo < p 

sie[s ,T] 
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Ifip(x,so) satisfies the three following conditions 

|V0, s )\\x - x(s )\"dx < (r + Ks ) u -T; ||^(-, a )\\ L - < 



(r + Ks ) 



n+7 ' 



ll^(-,ao)IUi < 



Ks ) 



where K = K(fi) is given by an d so *s swc/i t/iat (r + -fiTso) < 1. Then for all < s% < er small, we have the 
following estimates 



|^(x,si)||a;-a;(si)| w da; < (r + K(s + s 1 )) u '-~> 

1 



< 



(r + K(s + si)) 

Vn 

(r + K{8Q + 8i))' 



n+7 



(56) 
(57) 
(58) 



Remark 5.4 

1) Since s± is small and (r + Kso) < 1, we can without loss of generality assume that (r + K(so + si)) < 1; otherwise, 
by the maximum principle there is nothing to prove. 

2) The new molecule's center x(s\) used in formula &56}) is fixed by 



x'( Sl ) 



VB t 



v{y,st)dy 



>fi \B fl \ 

x(0) = x(s ). 

And here we noted Bf t — B(x(si), f\) with f\ a real valued function given by 

h = (r + Ks ). 
Note that by remark 1) above we have < f± < 1. 



(59) 



(60) 



We will follow the same scheme as before: we prove the concentration condition (|56D . with this estimate at hand we 
will control the L°° decay in Proposition 15.61 and then we will obtain the suitable L 1 control in Proposition 15.71 



Proposition 5.5 (Concentration condition) Under the hypothesis of Theorem \ll[ ifil>(-, so) is an initial data then 
the solution ij)(x,Si) of &55]) satisfies 

\tP{x, Sl )\\x - x{ Sl )\ u dx < (r + K(s + si))"" 7 



for x(s\) £ W 1 given by formula 159\) . with < s\ < er. 

Proof. The calculations are very similar of those of Proposition 15.21 the only difference stems from the initial data 
and the definition of the center x(si). So, let us write fli(x) = \x — x(si)\ u and ip(x) — ip+(x) — ip—(x) where the 
functions ip±( x ) ^ have disjoint support. Thus, by linearity and using the positivity principle we have 

\ip(x,si)\ = \ip + (x,si) - ip-(x,si)\ < ip + (x,si) + ip-(x,si) 

and we can write 

/ \i))(x,si)Q,\{x)dx < I ?p+(x, si)Oi(x)dx + / ip-(x, si)Qi(x)dx 

JR" it" JR" 

so we only have to treat one of the integrals on the right-hand side above. We have: 



I = 



Cli(x)ip+(x, s{)dx 



— Vf2i(x) • x (si)ip+(x, si) + Qi(x) [— V • (v ip+(x, si)) — £ip+(x, s±)] dx 



Using the fact that v is divergence free, we obtain 



Vfii(ir) • (v — x (si))if>+(x, si) — fli(x)Cip + (x, s±)dx 
Finally, using the definition of x'(si) given in (|59p and replacing fli(x) by \x — a;(si)|" in the first integral we obtain 

(61) 



I<c \x — x(si)\ w \v — VB fl \\ip+(X) si)\dx+c / £f2i(cc)||?/>+(x, s\)\dx 



We will study separately each of the integrals I\ and I2 in the next lemmas: 
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Lemma 5.5 For integral I\ we have the estimate I\ < Cji{r + Ksq 



cj — 7 — 1 



Proof. We begin by considering the space R n as the union of a ball with dyadic coronas centered on x(si), more 
precisely we set R™ — Bf 1 U Ufc>i Ek where 

% = {x€K n :|a;-a;(«i)|</i}, (62) 

E k = {x e R" : /i2 fc_1 < \x -x(si)\ < fi2 k ] for k > 1. 
(i) Estimations over the ball B^. Applying Holder's inequality on integral I\ we obtain 

h,B fl = \x - x(si)|" _1 |u -VB h \\^+{x,si)\dx < \\\x - x(s 1 )\ u '~ 1 \\ L p iBfi) 

JB h * „ ' 

(1) 

X \\V- V Bji \\lHB Si ) \VI>+{-,Sl)\\L«(B h ) 

" v "• v ' 

(2) (3) 



1+1 + 1 

p z q 

• Observe that for 1 < p < n/(l — uj) we have 



where - + - + - = 1 and p, z, q > 1. We treat each of the previous terms separately: 

p z q 



n/p+w — 1 



Illz-xO^r 1 !!^^) <cf. 

• Wehaveu(-,si) G 6mo(R n ), thus \\v-v Bfl \\L*(B fl ) < C\B h \ l / z \\v{-,sx)\\bmo- Since sup \\v(-,si)\\ bmo < (i 

sie[s ,T] 

we write 

\\v-v Bfl \\L*(B fl ) < Cfl l/z Li. 

• Finally, by the maximum principle for L q norms we have s i)\\Li(B fl ) < IIVK'i s o)||l«; hence we obtain 

U + (; Sl )\\ Lq{Bfi) < I^O.^II^IlVO^o)^- 1 / 9 . 
We combine all these inequalities in order to obtain the following estimation for Ii,B fl '■ 

h,B fl < CMir^'^ii^-DjiiK'ii^c-.-ojiii 1 " 1 ^ 



(ii) Estimations for the dyadic corona Ek- Let us note Ii,E k the integral 



h,E h = / |x-x(si)|" |u — U B/l ||V'+( a 5) si)|rfx. 
Since over we have \x - x(si)|" _1 < C2 k( - U1 ' 1 ^ f^' 1 we write 

< C2 k ("-V ft' 1 ( [ \v-v B{fl2k) \\iP + {x, Sl )\dx+ [ \v Bh -v B{h2k) \\i> + {x,s x )\dx 

\JE k JE k 

< C2 k ^-Vfr 1 [ [ \v-v B{}l2k) U + (x, Sl )\dx 

V"'s(/l2 fc ) 



\vB fl - V B ( fl2 k)\\lp+(x, si)\dx . 
B(/i2 fc ) / 

where B{f x 2 k ) = {x E R n : \x - x{ Sl )\ < f x 2 k ). 

Now, since w(-,si) € bmo(W l ), using the Lemma HTT1 we have \v Bfi — v B tf l2 k)\ < Ck\\v(-,si)\\b mo < Ck\x. We 
write 



\v - v B{fl2 k)\\->p + (x,si)\dx + Ckn\\^+(-,si)\\ L i 

2 fc ) 



\JBifi 

< C2 k ^fr 1 (\\^ + (-,s 1 )\\ Lao \\v-v B{fl2k) \\ L ^ +Ck l lU + (;S )\\ 



L 1 
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where we used Holder's inequality with 1 < ao < n+l ™_ 1 j and maximum principle for the last term above. Using 
again the properties of bmo spaces we have 



h,E k < 



Since \\v (•, si)||b roo < fx and since 1 < ao < ; we have n(l — l/oo) + (&> — 1) < Q, so that, summing over 

each dyadic corona E^, we obtain 



^/i, Bk <c M (/r 



Cl-l/-o)^-l||^ ( . jao) ||l/»0|| V , ( . )<go) ||l-l/«o _,_ /--l||^(-,So)|Ux 



fc>l 



We finally obtain the following inequalities: 



h = h. 



J2 1 

k>\ 



l,E k 



(63) 



(o) 



/ 



-Cju 



V 



('<) 



(<0 



Now we will prove that each of the terms (a), (b) and (c) above is bounded by the quantity (r + Ks$) u 7 : 

• for the first term (a) by the hypothesis on the initial data ?/>(•, sq) and the definition of f± given in (|60[) we have: 



/-( 1 -V*)-H--X ||v , ( . )flo)|| v a | | ^ ( . jao)||i -x / , < (r + XsQ 



iV«i 



1 1—1/^ 



[„(l-l/g)+o;-l]-^-(n+ 7 )(l-l/g) 



, LJ — 7 — 1 



(r + ifao) 

• For the second term (b) we have, by the same arguments: 

/ n(l-l/ao)+a,-l || ^ ( . !So)|| l/aa || ^ ( . )So)|| l-l/a < (f + ^ Kl-l/ao)+"-l]-^-(n+-y)(l-l/ o) = ^ + Ksq ^-\ 

• Finally, for the last term (c) we write 

fr'M-i^hi < fr'ir + Ksar^ir + Kso)"- 7 - 1 . 
Gathering these estimates on (a), (b) and (c), and getting back to (l63l we finally obtain 



a; — 7— 1 



The Lemma 15.51 is proven. 



Lemma 5.6 For integral I2 in the inequality A61\) we have the following estimate I2 < C{r + Kso) U 7 ■ 

Proof. As for the Lemma I5~51 we consider W as the union of a ball with dyadic coronas centered on x(si) (cf. (|H2|)) 
(i) Estimations over the ball Bf 1 . We will follow closely the computations of the Lemma T5 .31 We write: 



\£{\x - x{s\)\ u )\ \^ + {x,si)\dx < ||^i + (-,Si) 
< ||^+(.,*o)[[£« / v.p. / [\x\ u -\x- y\ u Mv)dy 

J{\*\<h} JM. n 

In the case (c) when a = f3 = 1/2 and i < 1/2 we write: 

\xf-\x-y\" 



|£(|a!-a:(«i)| w )|da: 



dx. 



2,Bt 



< \\i>+(;so)\\i 



{M<M 



v.p. 



{|y|<i} 



\y\ 



n+l 



dy 



dx 



{\x\<fi} 



\\x^-\x-yT\ 

1^28 — d y dx 



|y|' 



Following exactly the same arguments used in Lemma 15.31 with the formulas (!43D - (|45p . i.e. essentially by homo- 
geneity, we have 

h, Bf , < ci^ + (-, S o)iu-(/r + "- 1 +f?+»- 2S ) 
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Since < 26 < 1, recalling that by the definition of the function fx we have the estimate < fx < 1, we obtain 
juj-28--, < ^-i--r < xhe case ( d ) is straightforward since C = (-A) 1 / 2 and (— A) 1 / 2 (|x|" ; ) = {x^' 1 . 



Thus, in any case, we can write: 



l2,B 



fi 



(64) 



(ii) Estimations for the dyadic corona Ek- Here we have 



h,E k = I \£(\x-x(sx)\ u )\\ip+(x,sx)\dx < \\ip+(-,s )\\ L i sup 

lE k f 1 2>*-i<\x\<f 1 2* 



v.p. / [\x\" -\x-yr]ir(y)dy 



In the case (c) we have: 



h,E k < ||V'+(-,s )|Ui sup 

fi2 k - 1 <\x\<fl2 k 



v.p. 



\xr - \ x -v\ 

-|n+l 



-dy 



\x\ w -\x- y\ 

|„|n+2<5 



-dy 



!{\ y \<i} \V\ 

Again, by homogeneity and following the same lines of the Lemma I5.3I above, we have 
h, Ek <C\\i> + {;s Q )\\ L i ((/ 1 2 fc r- 1 (l+ln(2 fe - 1 ))+(/ 1 2 fe r- 25 ) 
Since 0<7<u;<2(5<1 we have u> — 1 < and uj — 26 < and thus, summing over k > 1, we obtain 

Y, I ^ k <c{fr l +fr 25 ) iw-,*o)iUi. 



Repeating the same argument used before (i.e. the fact that < /i < 1), we finally get 

^hE^Ctf-'M; s Q )\\ L t. 



(65) 



fe>i 



For the case (d), we obtain the same inequality by homogeneity. 
To finish the proof of the Lemma 15.61 we combine (j6"4"]) and (|6"51) and we obtain 



h - h.B fl + ^ ^ 2 > E * - C 



k>l 



/ 1 " +w - 1 ii^ + (-, S o)iiL~+/r 1 ii^(^o)iiL 1 



V 



(d) 



(e) 



Now, we prove that the quantities (d) and (e) can be bounded by (r + Ksq 



cj — 7— 1 



• For the term (d) we write ft*"' 1 ^, s )\\ L oo < /^"^(r + #s )~ (n+7) = (r + Kso)" 7 \ 

• To treat the term (e) it is enough to apply the same arguments used to prove the part (c) above. 



Finally, we obtain 



h = h,B Sl + J2 ^ < C ( r + Ks o) 



Ld — 7 — 1 



k>\ 



The Lemma 15.61 is proven 



Now we continue the proof of the Proposition [53] Using the Lemmas 15. 5 1 and 1 5 . 6 1 and getting back to the estimate 
BT1) we have 



d si / Qx(x)ip+(x,sx)dx 



< C (n + 1) (r + Ks 



uj— 7— 1 



(66) 



This estimation is compatible with the estimate (I56p for < si < er small enough. Indeed, we can write <fi = 
(r + K (sq + si))" -7 and we linearize this expression with respect to 8\\ 



(r + . so)"" 7 [1 + K(oj-j) 



sx 



(r + s Q ) 



Taking the derivative of <f> with respect to sx we have <fi' « K(uj — 7)(r + Kso) U 7 1 and with the condition (|48p on 
if (a> — 7) we obtain that (|6"6")l is bounded by <\>' and the Proposition [575] follows. ■ 



Now we write down the maximum principle for a small time s\ but with a initial condition ip{-, sq), with sq > 0. 
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Proposition 5.6 (Height condition) Under the hypothesis of Theorem ifij)(x,si) satisfies the concentration 
condition Ii56}) . then we have the following height condition 

[W-,*i)lk~< ' 



(r + X( So + Sl ))" + ^' 

Proof. The proof follows essentially the same lines of the Proposition 15.31 Indeed, since we have assumed that the 
concentration condition (1561) is bounded by (r + K(sq + si))"~ 7 , we obtain in the same manner and with the same 
constants: 

£-\M; < -C(r + K(s + Sl ))-"||^(-, 

To conclude, it is enough to solve the previous differential inequality with initial data ||^(-, 0)||l°° < (r + Kso)~^ n+ ^ 
to obtain that ||^(-, si)||l~ < (r + K(s + si))-(™+^ . ■ 

The crucial part of the proof of Theorem [TT] is given by the next proposition which gives us a control on the 
Z^-norm for a time sq + si. 

Proposition 5.7 (Second i 1 -norm estimate) Under the hypothesis of Theorem ill)) we have 

l-'n 



(r + ^(.s + S i)) 7 

Proof. This is a direct consequence of the concentration condition and of the previous height condition. ■ 
5.3 The iteration 

In sections 15.11 and 15.21 we studied respectively the evolution of small molecules from time to a small time sq and 
from this time sq to a larger time sq + si and we obtained a good L 1 control for such molecules. It is now possible to 
reapply the previous Theorem 1111 in order to obtain a larger time control of the L 1 norm. The calculus of the iV-th 
iteration will be essentially the same. 

Theorem 12 Set 7 and lu two real numbers such that 0<7<u<25<lifi the case (c) or0<7<w<l in the 
case (d). Let < sjy <T and let tf>(x, sjv) be a solution of the problem 

d SN ip(x, s N ) = -V- (vip)(x,s N ) -£ip(x,s N ) 

ip(x,0) = ip(x,s^-i) with sn-i > 



(67) 



div(v) = and v e L°°([0,T]; bmo(R n )) with sup \\v{-,s N )\\ bmo < 

Sjv6[s«-i,T] 

If ip(x, sn—i) satisfies the three following conditions 

\ip(x,Sff-i)\\x — x(sff-i)\ u dx < (r + K(s -\ h sat-i)) 1 ^ 7 

(•,sjv-i)|U~ < —— -r^z ; U(;8h-i)\\v< 



(r + K(s + --- + s N - 1 )) n+ i ' " rV ' " (r + K(s a + --- + s N _ 1 )y 

where K = K(/i) is given by J^#[ ) and sn is such that (r + K(sq + • • • + sat)) < 1. Then for all < sn < er small, 
we have the following estimates 

\il>(x,8 N )\\x-x(a N )\ u dx < (r + K(s + ■ ■ ■ + sn))^ (68) 

1 



(", Sjv)|U~ < 



\m-,s N )\\ L i < 



(r + K[s + ■■■ + sjv)) 



n+7 



(r + K(s + ■■■ + s N )) 



Remark 5.5 



1) Again, since sjq is small and (r + K(sq + ••• + Sn-x)) < 1, we can without loss of generality assume that 
(r + K(sq + • • • + sj^)) < 1; otherwise, by the maximum principle there is nothing to prove. 
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2) The new molecule's center x{sn) used in formula I6'ff|) is fixed by 

x'(s N ) = v BfN = rgf-r / v(y,s N )dy 
x(0) = x(s N -x)- 

And here we noted Bf N = B(x(sn), In) with /jy a real valued function given by 

f N = (r + K(s Q + --- + s N -i)). (70) 

Note that by remark 1) above we have < fx < 1- 

The proof of Theorem [TS] will follow exactly the same steps given in the proof of Theorem [TTJ we start with 
the concentration condition studied in Proposition 15.81 and we continue with the Height condition in Proposition 15.91 
finally, the L 1 bound will be an easy consequence of these two estimates. 

Proposition 5.8 (Concentration condition) Under the hypothesis of Theorem \12\ if ip(-, sn-i) is an initial data 
then the solution tP(x,sn) of J6'7| ) satisfies 



\i){x, s N )\\x - x{s N )\"dx <(r + K(s + ■■■ + sjv))"" 7 
for x(sn) £ l n fixed by formula i69\). with < sn < er. 

Proof. Follow the same lines given in the proof of Proposition 15.51 Write f2jv(x) = \x — x(sn)\ lj and ip(x) = 
4>+{x) — ip-(x), by linearity and using the positivity principle we have \i/j(x, Sn)\ = IV'+^sjv) — ip-(x, sjsr)\ < 
ip+(x ) sn) + tp-ix, sn) and we may consider the formula: 



I 



d SN / n N (x)ip + (x,s N )dx 



—\7Qn(x) ■ x' (sn)iP+(x, sn) + Qn(x) [—V • (v ip+(x, sn)) — Cip+(x, SN)]dx 
Using the definition of x'(sn) given in (I69|) and replacing £In(x) by \x — x(sn)\ lj in the first integral we obtain 

I<c \x — x(stv)|" _1 |w — vs f \\ip+(x, SN)\dx +c / \jCil,N(x)\\ip+(x, SN)\dx . (71) 



h h 
We will study each of the integrals 1\ and I2 in the next lemmas: 

Lemma 5.7 For integral 1\ we have 1\ < Cfi(r + K(sq + • • • + Sn-i))^ ■ 

Proof of the lemma. It is enough to repeat the same steps of the previous Lemma 15.51 just consider 1" = 
b Jn u Ufe>i E k where 

B fN \x-x(s N )\ <f N }, E k = {x el" : f N 2 k ~ l < \x-x(s N )\ < f N 2 k } for k > 1. (72) 

In order to obtain the desired inequality, use exactly the same arguments, the maximum principle and the hypothesis 
of Theorem [TJ ■ 



Lemma 5.8 For integral I2 in inequality J7i| ) we have the following estimate 

h= \£n N (x)\\ip + (x,SN)\dx<C(r + K(s Q + --- + SN-i)) UJ ~ 1 ~ 1 . 



Proof of the lemma. As for Lemma 15. 71 we consider R" as the union of a ball with dyadic coronas centered on 
x(sn) (cf. (1721 ). It is then enough to repeat the corresponding estimates of the si-case given in Lemma IS~51 ■ 



Now we continue the proof of the Proposition l5.8l Using the Lemmas 15.71 and 15.81 and getting back to the estimate 
dTTI) we have 

8 SN f Sl N (x)il> + (x,8 N )dx <C(n + l)(r + K(s Q + --- + s N ^i)) U1 ^ 1 (73) 

This estimation is compatible with the estimate (|68p for < sjy < er small enough. Indeed, we can write 
(r + K(sq + • • • + sat))" -7 and we linearize this expression with respect to sn- 

<f> » (r + K(s + ■■■ + sn-i))"-^ ( 1 + K(w - 7) 



(r + K (s + • • • + a N -i)) 



Taking the derivative of 4> with respect to sn we have <f>' ~ K(lu — j)(r + K(sq + • • • + Sjy-i))" 7 1 and with the 
condition (pE5f on K(uj — 7) we obtain that ([731 is bounded by <fi' and the Proposition 15.81 follows. ■ 
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Proposition 5.9 (Height condition) Under the hypothesis of Theorem ] 121 if sn) satisfies concentration con- 
dition 168\) . then we have the next height condition 



(r + K(s + + ••• + sat)) 



n+7 ' 



M;'n)\\l- < 

Proof. The proof follows essentially the same lines of the Proposition 15.31 Indeed, since we have that concentration 
condition (|6"5)) is bounded by (r + K(sq + • • • + sjv))" -7 , we obtain in the same manner and with the same constants: 

^-\m;s N )\\ L ~ <-C(r + K(s + --- + s N ))-^\m-,s N )\\^. 

Solving this differencial inequality we obtain \\ip(-, sjv)||loo < (r + K(sq + • • • + Sjv))~ (n+7 ' ) - B 
Proposition 5.10 (L 1 -norm estimate) Under the hypothesis of Theorem[T^we have 

U(^n)\W < ( - K( l n - ^ (74) 
(r + K(s Q H h s N )) 

Proof. This is a direct consequence of the concentration condition and of the previous height condition. ■ 



End of the proof of Theorem [9[ We have proved with the Theorem [TU] that is possible to control the L 1 
behavior of the molecules ip from to a small time sq, from time so to time S\ with Theorem 11X1 and by iteration 
from time sn-i to time with Theorem [T2l We recall that we have Si ~ er for all < i < N, so the bound obtained 
in (|74[) depends mainly on the size of the molecule r and the number of iterations N. 

We observe now that the smallness of r and of the times sq, sjy can be compensated by the number of iterations 
N in the following sense: fix a small < r < 1 and iterate as explained before. Since each small time sq, sn is of 
order er, we have sq + • • • + sjv ~ Ner. Thus, we will stop the iterations as soon as Nr > Tq. 

Of course, the number of iterations N — N(r) will depend on the smallness of the molecule's size r, and more 
specifically it is enough to set N(r) ~ — in order to obtain this lower bound for Nr. 

Proceeding this way we will obtain Sn)\\li < CT^ 1 < +oo, for all molecules of size r. Note in particular 
that, once this estimate is available, for bigger times it is enough to apply the maximum principle. 

Finally, and for all r > 0, we obtain after a time To a L 1 control for small molecules and we finish the proof of the 
Theorem El ■ 
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